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1. Introduction 

The goal of this paper is to initiate a study of holomorphic mappings F between two 
domains D and D' in C n+1 , sending D to a subset F(D) C D' whose shape approximates 
D' as much as possible. It is known since Poincare [H] and subsequent work by Tanaka [TUj . 
Chern-Moser |[[ and Fefferman [7] that in general, there does not exist any biholomorphic 
maps between two given bounded strongly pseudoconvex domains in C n+1 with n > 1 
(see [2 J for a survey of further results in this direction). On the other hand, there are 
clearly many biholomorphic maps F from D to open subsets of D' . Can one impose any 
condition on F making it "close" to be biholomorphic between D and D' without losing 
the existence of such maps in general? If one does not keep the condition F(D) C D', the 
Chern-Moser theory gives an estimate on the maximal possible contact order between the 
boundaries of D and F(D). Our goal here is to study this question under the assumption 
F(D) CD'. 

We treat the problem locally at the given points p G dD and p' G dD' and consider the 
set J® p i{D, D') of all germs F at p of holomorphic maps from D to D' sending p to p' in the 
non-tangential sense. That is, an element in ,(D, D') is represented by a holomorphic 
map F : U H D — > D' with U being a neighborhood of p, such that F(Z n ) — > p' whenever 
Z n — > p non-tangentially in U D D (i.e. the distance from Z n to p does not exceed its 
distance to dD times a constant multiple). We shall assume both D and D' to be strongly 
pseudoconvex with smooth boundaries and choose local holomorphic coordinates (z,w) 
and (z', w') near p and p' respectively where p = p' = and D, D' are locally given by 

(1.1) \mw > \\z\\ 2 + 0(3), IrW > ||^|| 2 + 0(3), 

where \\z\\ := \zi\ 2 + ■ ■ ■ + \z n \ 2 . In order to speak about a contact order between F(D) 
and D' we need to introduce a differential of F at the boundary point p, which we again 
understand in the non-tangential sense (see §2 for precise definition). 

The first question is what the possible non-tangential differentials that may occur in 
this way are. As a first preliminary result we give a complete characterization in terms of 
the singular values. Recall that every complex n x n matrix C admits its singular value 
decomposition C = U1DU2, where U\,Ui G U(n) are unitary and D is diagonal with 
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real nonnegative entries fi\ > ■ ■ ■ > fi n > (this can be shown, e.g., by using the polar 
decomposition C = UH with U unitary and H hermitian and by further diagonalizing H) . 
The entries of D are uniquely determined by C. We have the following characterization: 

Proposition 1.1. A linear map L : C n+1 — > C n+1 is the non-tangential differential of a 
germ F £ J pv ,{D, D') if and only if, in the chosen coordinates, it is of the form 



;i.2) l 



C A 
A 



where A > is a real number, A e C n is a complex vector and C is a complex n x n 
matrix whose singular values \i\ > . . . > [i n > satisfy fij < v^A for j = 1, . . . , n. 

In particular from ()1.2|) it follows that a germ F of holomorphic map from D to D' 
sending to which is non-tangentially differentiable at is a contact map, in the sense 
that its non-tangential differential maps the complex tangent space T^dD into T^dD' . In 
case D, D' are bounded strongly pseudoconvex domains and F : D — ► D' is holomorphic 
(i.e. it is not just a germ near a boundary point), this latter fact follows also from Abate's 
generalization of the classical Julia- Wolff-Caratheodory theorem (PQ). Thus, in a certain 
sense, Proposition 11.11 can be interpreted as a Julia- Wolff-Caratheodory theorem in the 
local. 

If F is as in Proposition 11.11 set otj := fij/\/X for j = 1, . . . ,n. We call the numbers 
1 > a n > • • • > oil > the singular values of the (non-tangential) differential of F at p. 
It turns out that these numbers do not depend on the choice of coordinates (z, w) and 
(z', w') provided (jl.lj) holds (see Lemma I2~T|) . On the other hand, one can easily eliminate 
A by composing F with a suitable automorphism of the corresponding Siegel domain 
Imw > ||2;|| 2 of the form 

{z + aw,w) 

(1.3) g a (z,w) : = 



— 2i(z, a) — i\\a\\ 2 w 

Hence these are the only "first order" invariants of F at p and, roughly speaking, they read 
the ratios of "squeezing" by F in complex tangent directions comparing to the normal 
direction. The nearer to 1 the singular values are, the similar to D' the image F(D) looks 
like near p' . 

As the next step, we study the conditions on the "higher order jets" of F at p. In order 
to make it meaningful to talk about jets at boundary points, we shall assume F to have 
smooth extension through the boundary. That is, we consider the subset J P ^{D,D') 
of j7p° p /(-D, D') consisting of all germs F having representatives extending smoothly to 
some neighborhoods of p. It is not hard to see that if aj < 1 for all j, then there are 
no restrictions on the set of possible higher order jets of maps in J PyP t{D,D') whose 
differentials at p have the given singular values 1 > a% > . . . > a n > 0. However, our 
Proposition 11.11 above implies that even the choice of F with 1 = a% = . . . = a n is always 
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possible giving a better contact of F(D) with D'. Our next question is now to examine 
the possible restrictions on the higher order jets of F in this "extreme case" . 

Let F G Jp iP r(D, D') be such that all the singular values of its differential at p are 1. 
Then in view of the remarks above, one can choose the coordinates (z,w) and (z',w') 
preserving such that dF p becomes the identity id. The property of having dF p = id 
in suitable coordinates where holds, admits a natural higher order generalization: 

Definition 1.2. A germ F G J~ p y(D, D') is said to be k-flat if there exist local coordinates 
(z, w) and (z', w') vanishing at p and p' respectively, where the hypersurfaces 3D and 3D' 
are respectively in their Chern-Moser normal forms and such that F = id + o(k). 

In other words, a germ F G Jp,p>{D, D') is fc-flat if and only if there exist two local 
biholomorphic maps of C n+1 , h at p and g at p', such that h(p) = g(p') = 0, h(dD) 
and g(dD') are in their Chern-Moser normal forms and g o F o h~ l = id + o(k), where 
H = o(k) means that H and all its derivatives of order less than k + 1 are at 0. Thus 
a germ F G J^y(Z), D') is 1-flat if and only if all singular values of dF p are 1 and, as a 
consequence of Proposition ll.il there always exist 1-flat germ for any D and D' . 

Remark 1.3. It follows from the construction of the normal form in \6\ that the Chern- 
Moser normalizations in Definition 11.21 are only needed to be chosen for the terms of 
weight < k, where as usual, the weight of z and z is 1 and of w is 2. 

Using Chern-Moser normal forms, we give a complete description of the second order 
jets for maps in J P ^{D ,D') whose first jet is the identity (Theorem 13. 1J) . In particular 
it turns out that the space of possible second order jets has its interior described by 
simple algebraic inequalities. That is, for any 2-jet in the interior, there exists a germ 
F G J p<p i(D, D') with that jet and no further restrictions arise on the possible jets of 
order three or higher. This gives a more precise description of possible 1-flat germs. 

In contrast to 1-flat germs, 2-flat germs may not exist at all for some D and D' . This 
latter fact is somewhat related to the rigidity phenomena for self-maps known as "Burns- 
Krantz type theorems" (see [5] , [S] , |S] ) • We show that the existence of 2-flat germs implies 
a nontrivial geometric condition on D and D' expressed as follows. We say that two real 
hypersurfaces M and M' in C n+1 passing through a point q are tangent at q up to weighted 
order k if, for some (and hence any) local defining function p of M' and some (and hence 
any) local parametrization 7 : C n x E — > C n+1 of M with 7(0) = q and <i7o(C n x {0}) being 
the complex tangent space of M at q, the composition p o 7 vanishes at up to weighted 
order k, where as before we assign weight 1 to the coordinates in z G C n and weight 2 
to the coordinate in u G M. We now call (dD,p) and (dD',p f ) equivalent up to weighted 
order k if there exists a local holomorphic diffeomorphism of C n+1 near p, sending p to p' 
and dD to another real hypersurface, which is tangent to 3D' up to weighted order k at 
//• 

Our result for 2-flat germs can now be stated as follows: 
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Theorem 1.4. Let D, D' C C™ +1 be two domains with smooth boundaries such that 
p G dD, p' G dD' and dD, dD' are strongly pseudoconvex at p and p' respectively. Then 
there exist 2- flat maps in J vv i[D ,D') if and only if (pD,p) and (dD',p') are equivalent 
up to weighted order 5. 

The outline of the paper is the following. In the second section we prove the "only if" 
part of Proposition 11.11 and discuss the first jets. In the third section we recall the Chern- 
Moser theory as needed for our purposes, describe the possible second jets for 1-flat germs 
(Theorem 13. finish the proof of Proposition II .1} give some equivalent conditions for 2- 
flatness and prove Theorem 11.41 Finally, there is an Appendix where we collected some 
auxiliary results needed in the various proofs. 

2. First order Jets 

Let F : D — > C' m be holomorphic for some m. We say that F is non-tangentially differ- 
entiable at p if there exists a point p' G C m and a linear map dF p : C n+1 — ► C m such that 

(2.1) F(Z k ) =p' + dF p (Z k -p) + o(\\Z k - p\\), k^oo, 

holds for any sequence (Z k ) of points in D converging non-tangentially to p. We call dF p 
the non-tangential differential of F at p. 

We shall consider the case when D, D' are domains in C n+1 with smooth boundaries and 
strongly pseudoconvex points p G dD, p' G dD'. In the sequel, we shall assume p = p' = 
and choose local holomorphic coordinates (z, w) G C n x C and (z', w') G C n x C vanishing 
at the origin such that D and D' are locally given by 

(2.2) D = {\mw > \\z\\ 2 + 0{\{z, Rew)\ 3 )}, D' = {lrW > ||z'|| 2 + 0(\(z', Rew')\ 3 )}. 

We will obtain the "only if" statement of Proposition ll.ll as consequence of the following 
lemma: 

Lemma 2.1. Let D, D' be two domains in C n+1 of the form (Q and F G J§ fi (D, D') be 
non-tangentially differentiable at with differential dF$. Then dFo is given by the block 
matrix 

(2-3) dF °=( C a)' 

where A > is a real number, A G C" is a complex vector and C is a complex (n x n)- 
matrix whose singular values fi± > . . . > \i n > satisfy j^j < a/A for j = 1, . . . , n. The 
ratios fij/y/X for j = 1, . . . ,n are invariant under coordinates changes preserving ()2.2)1 . 

For the proof we need the following elementary result, whose proof is supplied for the 
reader's convenience. 
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Lemma 2.2. Let D be a domain in C n+1 having as a smooth boundary point and 
F: D — > C m fre holomorphic. If dF is the non-tangential differential of F at 0, then 
dFz k — > dF for any sequence (Z^) in D converging non-tangentially to 0. 

Proof. Without loss of generality, F(0) = and dFo = 0. Let {Z^} be any sequence in 
D converging non-tangentially to G dD. It suffice to show that ^(Z^) — > for every 
/ = 1, . . . , n+ 1, where we use the notation Z = (Z 1 , . . . , Z n+1 ). We give a proof for Z = 1, 
the other cases being completely analogous. Since {Z k } converges non-tangentially in D, 
there exists e > such that, for any other sequence {Z k } with \\Z k — Z/.\\ < e\\Zk\\, one 
has Z k e D for all k and {Z^} also converges to non-tangentially in D. By the Cauchy 
Integral Formula, we have 



(2.4) 



dF 



F(C, Zl Z^)_ d( , 



2« 7| C _ z i| =£ || Zfc || (C - Zl) 2 
<^— maxl^C,^,...,^ 1 )!. 



It remains to choose £ with |£ — = e||^fe|| such that the maximum in ()2.4|) is attained 
for Z k := (C, Z|, . . . , Z% +1 ) and use (|2.1|) with Z fc replaced by □ 

Proof of Lemma \2. 11 We first observe that dFo must send the upper half-space Imw > 
into itself. Otherwise there would exist a non-tangentially convergent sequence Z k = v£f-, 
where v G {(z, w) : Im w > 0} is a vector with dF (v) not contained in Im w > and {e^} 
a sequence of positive real numbers converging to 0. The latter would be in contradiction 
with (|2.ip and (J2.2)) . Hence dF sends the real hyperplane Imw = into itself and, since 
it is complex- linear in view of Lemma 12.21 also the complex hyperplane w = into itself. 
Putting everything together, we conclude that dFo is of the form (|2.3|) with some matrices 
C and A and a real number A > 0. 

The second step consists of showing that A > 0. Suppose, on the contrary, that A = 0. 
Since D' is strongly pseudoconvex at 0, it is easy to construct a continuous plurisubhar- 
monic (peak) function ip defined in a neighborhood of in C n+1 such that y(0) = 0, 
d<fo = — d(\mw) and <p(Z) < for Z G D' \ {0}. Furthermore, it is easy to extend cp to a 
continuous plurisubharmonic function ip defined on the whole D' by setting 



(2.5) 1>(Z) :-- 



max((p(Z), — e) for \\Z\\ <5 
-e otherwise, 



where 5 > and e > are chosen such that <p(Z) < —e for Z G D' with \\Z\\ = 5. Note 
that ip coincides with ip in a neighborhood of in D'. Then A ^ follows from the Hopf 
lemma applied to ip o F restricted to a disk in the complex line {(z,w) : z = 0} that is 
contained in D and tangent to the boundary 3D at 0. 
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The third step is to show that the ratios fij/y/X do not depend on the coordinates 
chosen and that the inequalities fj,j/y/X < 1 hold. Using the singular value decomposition 
of C, we can compose F with suitable unitary linear transformations of C n+1 on the right 
and on the left, such that both forms (|2.2|) are preserved and C becomes diagonal with 
real entries \i\ > . . . [i n > equal to its singular values. Furthermore, composing with a 
dilation (z,w) i— > (Xz, \X\ 2 w), we may assume that A = 1. 

Now consider any changes of coordinates (z,w) i— > <pi(z,w) and (z r ,w r ) i— > (pz{z' ,w') 
preserving (|2.2|) . Then the differentials (rf^i)o and (c^ 2 )o must be of the form 



.1 



* 



A? 



J = 1,2, 



where A/s are real positive and Uj's are unitary. Furthermore, in order to keep the above 
normalization of dF , we must have Ai = A 2 . Then in these new coordinates, we have 

'UiCU^ *\ = (c * 
1 lo 1. 



(2.6) dF 



and it follows that the singular values of C coincide with those of C. This shows that the 
ratios jij/yX are invariants of cLFq. 

To show that fij/y/X < 1 for all j — 1, . . . , n, or /X,- in our normalization, it suffices to 
show that ||C|| < 1. By contradiction, suppose that ||C£|| > 1 for a vector ( 6 C" with 
|| £|| = 1. We change local holomorphic coordinates in C n+1 near such that 3D and dD' 
are approximated by the ball {||Z — (0,z/2)|| < 1} up to order 3 at 0. Such coordinate 
change can be chosen to be the identity up to order 2, so that the matrix of dF does not 
change. Then, in view of Lemma 12.21 we can choose discs 

(2.7) f k :A^D, f k (C):= (C(l-f)f,^) eC"xC, 

where A is the unit disc in C, with e > sufficiently small such that 



> 1, 



(2-, 

■ ■ 1 + e 

where F z e C n denotes the tangential component of F and := /jt(0). By the attraction 
property fLemma lA.lJ) . for r\ := ^~^ 2 , we may assume that the images F(fk(r)A)) are con- 
tained in a sufficiently small neighborhood of 0. Choose > such that the central projec- 
tion 7r fc from (0, — r k ) onto the hyperplane {w = i/k 2 } sends the ball {\\Z — (0,i/2)|| < 1} 
in C n+1 into the ball with center (0,i/k 2 ) and radius 1+ j f^ 2 in the hyperplane {w = i/k 2 }. 
Then there exists sufficiently small neighborhood U of such that, for k sufficiently large, 
7Tfc sends U D D' into the ball with center (0,i/k 2 ) and radius (1 + e)/k. Together with 
(|2.8jl . we reach a contradiction with the Schwarz lemma for Ttk°Fof k restricted to 77 A. □ 

Remark 2.3. We say that a holomorphic map F from D into £)' which extends smoothly 
to p and maps p to q and sends dD into dD' up to order k at p if, for some (and hence 
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any) local denning function p 2 of dD' , its pullback p 2 ° F is o(k) on <9.D (e.g., F sends dD 
into up to order 1 if dF p (T p dD) C T q dD'). From the previous discussion it is clear 
that if F extends smoothly to p and sends dD into dD' up to order 2, then the singular 
values of dF p at p are all equal to 1. 

Let now F G J~q (D,D'). In the proof of Lemma 12.11 we have seen that in case all 
singular values of the differential of F at are equal to 1, we can choose coordinates 
(z, w) and (V, w') such that ()2.2|) holds and 

dF ° = (o l) ' 

for some complex vector A G C n . Using automorphisms g a of the Siegel domain {(z,w) G 
C n xC:lmu>>||2:|| 2 } given by (jl.3j) we can replace F by g^A F to make its differential 
at the origin equal to the identity. Here and in the sequel we set 

(2.9) (z, C) := ZlCl + • • • + ZnCn- 

Note that g a preserves the form ()2.2|) . 

According to 6J, we can find germs of biholomorphisms hi and h 2 such that hiifS) = 
h 2 (0) = and d(hi)o = d(h 2 )o = id and hi(D),h 2 (D') are in their Chern-Moser normal 
forms. If dFo = id, we have h 2 o F o h^ 1 = id + o(l). Therefore we have: 

Corollary 2.4. A germ F G J ppl (D, D') is 1-flat if and only if all singular values of its 
differential at p are equal to 1 . 

3. Second order jets for 1-flat maps 

As a matter of notations, for m G N, we use the symbol 0(m) to represent any (smooth) 
function which vanishes at the origin together its derivatives up to order less than m. The 
symbol o(m) for m G N means that also the m-th derivative is zero at the origin. Whenever 
we need to state explicitly that a function depending on several (complex or real) variables 
vanishes at the origin together with all its partial derivatives with respect to a certain 
variable — say u — up to the order m, we write such a function as 0{u m ). Also we freely 
mix and add these notations. For instance the function 3u 4 v 3 + v 2 u 5 can be written as 
0(7), or as 0{y 2 ) or 0{v 2 ) + 0(u 4 ) or even as 0(u 4 ) +0(5). The same notation is used 
for the small Landau's symbol o. 

In this section we assume F G Jp jP >(D, D') to be 1-flat. Recall that our notation 
J pp i{D, D') was reserved for the holomorphic map germs having smooth extensions to 
some neighborhoods of p. Arguing as in the previous section we may assume p = p' = 0, 
dF = id and 8D,dD' given (locally) by expressions of the form \mw = ||2;|| 2 + 0(3). 
In order to simplify the notation, we use the symbol J{D, D') to denote the germs of 
holomorphic maps from D to D' which are smooth at and such that F(0) = 0. 

As a matter of notation, if /: C n+1 = C n x C — > C n+1 is expandable at the origin, 
with homogeneous expansion f(z,w) = J2u fv( z i u, )> we are g om S to denote by fj(z,w) 
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the projection to C™ of the homogeneous polynomial vector fj and by f™ the projection 
to C w . Moreover, for a homogeneous polynomial P(z,w) of degree j, we write P(z,w) = 
Yli=oPf,j-v( z J w )j f° r Pi,k{ z i w ) — Cik(z)w k , where Cik(z) is a homogeneous polynomial 
of degree I in the z's. 

To deal with jets of order two we need however to have better expansions for the normal 
forms of the domains. 

Following jH], we assign weight 1 to Zj, Zj (for j — 1, . . . , n) and weight 2 to u = Re w. A 
real polynomial P(z, z, u) is of weighted degree m if it is a linear combination of monomials 
of type Zj 1 ■ ■ ■ Zj k u l with k + 21 = m. With this notation, Chern-Moser normal forms for 
dD and dD' can be written as 

dD = {Imw = ||z|| 2 + y^if^z, z, Rew)}, 

(3.1) M " 4 

3D' = {\mw= \\z\\ 2 + 22^(z,z, Rew)}, 

fi>A 

where (p^ and ip'^ are real weighted homogeneous polynomials of weighted degree fi which 
are linear combinations of monomials, each of which is divisible by Zj 1 Zj 2 Zk 1 z~k 2 f° r some 
^1)^2)^1,^2 £ {1, ...,n}. In particular, <f4, <p' 4 , (p$, (p' 5 have no dependence in Rew. Also, 
tr(^ 4 ) = and tr 2 (<^ 5 ) = and similarly for y? 4 ,<£>5, where, if Qu t ^(z,z) is a polynomial 
of degree j in z a and degree k in zp given by 

Q(j )k )(z, z) a ai ...a j pi...p k z ai ■ ■ ■ z aj zpx ■ ■ ■ zp k , 

with the a Q:i ...Q! l 8 1 ... l g fc 's symmetric with respect to ax ... , a^ and respect to fa, . . . , /3&, then 

to(Q(j,k)) '■= ^ ^ i, z ai - ■ ■ z aj _ x zp x - ■ ■ z$ k _ x . 

ai,...,aj-i,Pi,...,Pk-i \aj=Pk ) 

Actually a Chern-Moser normal form as defined in {HJ involves further trace conditions on 
higher order terms that we won't need here. Notice that the Chern-Moser normal form 
of a domain is not unique, but it is parametrized by the automorphisms of the quadric 
{Imw = ||z|| 2 } fixing the origin. 

Theorem 3.1. Let D and D' be in their Chern-Moser normal forms ()3.1|) and F G 
J 0>0 (D,D') with dF = id. Then 

(3.2) F(z,w) = (z,w) + (F* L (z,w) + F* 2 (w),F™ 2 (w))+0(3) 
with 

lmi^ 2 (l)>0, 

(3.3) [Re^F^l)) - \\z\\ 2 ReF™ 2 (l)] 2 

< (1) [MA - ti(z) - 2||z|| 2 lm (z,F^(z, 1)) - |M| 4 lm Ffc (1) 
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(3.4) <p4(z) - cp' A {z) - 2\\z\\ 2 \m (z, F^(z, 1)> > 0. 

On the other hand, for any choice of the 2nd order terms in (|3.2|) satisfying ()3.3p with 
strict inequalities for all z G C n \ {0} there exists F G Jq,o{D, D 1 ) of the form (13. 2 j) . 

Proof. We shall use Corollary IA.6I applied to the basic condition F(D) C D'. In view 
of (|3.1j) . a parametrization for <9-D is given by 

(3.5) C" x R 3 (z,u) ^ Z = (z,u + i\\z\\ 2 + i^2^l{z,z,u)). 
Therefore the basic condition becomes 

(3 6) M " 4 h ~ 2 

> 2 £ Re (z, F* h {Z)) + || £ F z h {Z) f + £ ^(^(Z), F^), Re F»(Z)), 

fc>2 fc>2 /x>4 

where Z is as in (|3.5|) and F k denotes the component of weight k. Expanding (|3.6|) up to 
weighted order two and applying Corollary IA.6I we have 



(3.7) lmF™ >0. 

Since z i— > F™ (z) is holomorphic this means that F^q = 0. 

Now expanding (j3.6|) up to weighted order three and applying Corollary IA. 61 yields 

(3.8) \mF™ (z) + \mF™ 1 (z,u + i\\z\\ 2 ) > 2Re (z, F£ fi (z)). 

Separating into terms of different bi-degree types and again using Corollary I A. 61 we obtain 
two inequalities, namely 

(3.9) Im F^(z, u) > 
and 

(3.10) Im F» (z) + Im F^{z, t\\z\\ 2 ) > 2Re (z, F* (*)). 

Inequality (|3.9|) is indeed an equality because F™ 1 (z, u) is linear in u and, since z i— > 
F™ x (z, u) is holomorphic for any fixed u, it follows furthermore that F X1 = 0. Now applying 
Lemma lA~8l to (ITTUj) we obtain lmF{ = and hence F™ = for z i-> F™ Q (z) is 
holomorphic, and, consequently, Re(z,F| (^)) = for all z G C n . This last equality 
clearly implies F| = 0. 

Therefore 1-flatness implies that all terms of weighted order two and three in the ex- 
pansion of ()3.6|) are zero. Now we pass to the weighted order four: 

(3.11) ip 4 {z,z) + lm^ (z) + ImF^^w + ill^ll 2 ) + Im F™ 2 (u + i\\z\\ 2 ) 

> 2Re (z,F* j0 {z)) +2Re (z, Ff^z, u + i\\zf)) + ip' 4 {z, z). 
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By Corollarv lA.6[ looking at terms of the lowest degree in (z, z) we obtain that Im Fq 2 {u) > 
and, since the dependence on u is quadratic, this is equivalent to lmF^ 2 (l) > 0. 

Now we can set u = t\\z\\ 2 with t E R in (J3.11|) . and apply Remark IA.7I to terms of 
bi-degree (2,2) in (z,z): 

(3.12) t 2 ||^|| 4 lmF -(l) + 2t(|| 2 || 4 ReF w 2 (l)-||^|| 2 Re^,^ 1 (^,l))) 

+ V4 (z,z)-^(z,z)-2\\z\\ 2 \m(z,Fl 1 (z,l)) - \\z\\ 4 \m F W 2 (1) > 0. 

For z fixed, the left-hand side of (|3.12j) must be greater than or equal for all t, 
which is equivalent to (Q and flU (for Im F$(l) ^ 0, ((S3!) follows from Q ). 

Finally, if both inequalities in ()3.3)1 are strict for any 2^0, then the lowest weighted 
order nontrivial homogeneous term in ()3.6|) is positive for (z, u) ^ if we choose F to 
be of the form ()3.2|) without higher order terms. Therefore (j3.6|) will always hold in a 
neighborhood of the origin. This proves the last statement. □ 

Remark 3.2. It is apparent from the proof that the conclusions of Theorem 13 . II still hold 
with D, D' being given in Chern-Moser normal forms only up to weighted order 5 at 0. 

Now we are in the position to end the proof of Proposition 11.11 

End of the Proof of Proposition U . 1\ In order to complete the proof of Proposition II. II we 
need to show that given a matrix L as in (jl.2j) . there exists F E JJo,o{D,D') such that 
dFo = L. Using transformations tangent to id we can suppose that D, D' are in their 
Chern-Moser normal form (at least up to weighted order four). Finally, acting with an 
automorphism (jl.3j) and a dilation (z,w) i— > (Xz,\X\ 2 w) on the left and with unitary 
transformations (z, w) \— > (Uz, w) on both sides, we can reduce the general case to that of 

'A N 
1 



L 



where A is a diagonal matrix with entries the singular values <x,-'s, with < a n < . . . < 
ot\ < 1. Now the argument is similar to that in the proof of Theorem 13.11 We look for 
F of the form F(z,w) = (Az,w) + ^2 k>2 (F^ (z, w), F^(z, w)) and impose the condition 
F(dD) C dD' . Parametrizing dD with ()3.5|) we obtain 

\\z\\ 2 + J2^z,w) + Y,\™ F k(Z) 

At>4 k>2 

> \\Az\\ 2 + 2 ]T Re (Az, F z k {Z)) + || £ F z k {Z)\\ 2 + £ ^(F*(Z),F^Z), ReF w (Z)). 

k>2 k>2 M>4 

If all entries in A are < 1, we choose F™ 2 with \mF^ 2 (l) > and F k = F k+l = for 
k > 2, then it follows that F E J(D,D') ,' that F(dD) C dD' near and that F has the 
required differential at 0. 

Let I < n and suppose that ai — . . . — aci = 1 and a k < 1 for k > I. Let us 
write z = (z',z") E C l x C n ~ l . Also, with obvious meaning, write F k = (F k ,F k ). 
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Set F£ ' = for k > 0. The last statement in Theorem Kill gives sufficient conditions 
for the map (z',w) i— > F(z',0,w) to send the domain D D {V' = 0} into the domain 
-D' fl {2" = 0}. Then the appropriate choice of F% together with lmi^ 2 (l) > and the 
inequality ||(0,2:")|| 2 > || A(0, z")\\ 2 for z" ^ guarantees that F sends 3D into D' near 
0. □ 

Lemma 3.3. Let D,D' C C n be in Chern-Moser normal forms and F e Jo,o{D, D 1 ) be 
with dF = id and Im (z, F" x {z, 1)) =0. Then 

(3.13) <Pa(z,z) = (f' 4 (z,z), <p 5 (z,z) = <p' 5 (z,z) 
and 

(3.14) F(z,w) = (z,w) + (Fb(z,w),Ffa(w)) + (F^ 2 (z, w) + F* 3 (w), F™ 3 (w)) + 0(4), 
w /i ere 

(3.15) lmF - (1) = lmF -(l) = 0, |M| 2 Re i^(l) = Re (z, F^z,!)) 
and, for any z, 

(3.16) BC > A 2 , B>0, C> 0, 



where 



A 



(3.17) 



- 4||z|| 4 lm (z, F* 2 (z, 1)) + \\z\\ 2 <p 2t2jl (z, z, 1) - \\z\\ 2 ^ 2:1 (z, z, 1) 



B :=3||z|| b Re - 2|M| 4 Re (z, 1)) - ||z|| 4 ||f£(z, 1)|| 2 , 

C:=- |M| 6 ReF- 3 (l) + 2||,|| 4 Re (z, F^z, 1)) - N 4 ^*, l)f 

+ <£>3,3,o(z,z) -¥>3,3,o(M)- 

Moreover F 4 2 = 0, F™ = 0, = 0. 

Proof. We first prove that Im -F^l) = 0. Indeed, we have Im F™ 2 (1) > by Theorem 13.11 
If we had lmi^ 2 (l) > 0, then dividing both sides of ()3.3|) by lmF ™ 2 (l) we would obtain 
that 

(3.18) <fl(z) - <p\(z) - 2\\z\\ 2 \m (z, F^z, 1)) - ||^|| 4 lm F™ 2 (1) > 0, 

and therefore <f\(z) — <f 2 (z) > (since Im (z, Ff^z, 1)) = 0). Since tr(<f\(z) — (fi 2 (z)) = 0, 
the function (p\ (z) — (p 2 (z) is harmonic and hence would be identically zero by the 
maximum principle. Then ()3.18|) would imply lmFo" 2 (l) = 0, a contradiction. There- 
fore lm^ 2 (l) = and also <p\(z) - fl(z) = 0. Hence (Q implies \\z\\ 2 Re F™ 2 {1) = 
Re (z, Ffalz, 1)). This proves (J3ZE5J), except for F ™ . 

Summarizing, we have the equality in (|3.12|) for all z and t. Hence, by Lemma I A. 81 
we must have the equality also in (j3.11|) . In particular, separating types, we obtain the 
vanishing of 

(3.19) F- , F^(z,l), Fl (z), \\z\\ 2 ReF- 1 (z,l)-2Re(z,Fl (z)). 
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Hence in (I3.fi D all terms of weighted order less or equal to 4 cancel each other, and we 
obtain the following inequality for the terms of weighted order 5: 

(3.20) <p 6 (z,z) + lmi^ ( 2 ) + \mF^(z,w) + \mF™ 2 (z,w) 

> 2Re (z, F* {z)) + 2Re (z, F% x (z, w)) + 2Re (z, F* 2 {w)) + ip' B {z, z), 

where the terms are evaluated at (z,w) = (z,u + i\\z\\ 2 ). By Corollary IA.61 we can pass 
to the reduced inequality involving only terms of degree in «. These are homogeneous 
polynomials of the odd degree 5 in (z, z) and hence we have the equality: 

(3.21) <p 6 (z, z) + Im F^(z) + Im F^(z, i\\z\\ 2 ) + \mF£ 2 (z, i\\z\\ 2 ) 

= 2Re (z, F* fi (z)) + 2Re (z, F^z, i\\z\\ 2 )) + 2Re (z, 1 1 ^ 1 1 2 ) > + <p' 5 (z, z). 
Separating types we obtain 

(3.22) lmF™(z)=0, 

(3.23) Imi^OMlWI 2 ) = 2Re (z, 

(3.24) ^ 5 (^,^) + lm^ 2 (^,i||z|| 2 ) = 2Re ^ 2 (i||^|| 2 )) + 2Re i || ^|| 2 )) + ^' 5 (^, ^) . 

Similarly we can repeat the argument for the terms of degree 1 in u in ()3.20|) and separating 
types we obtain 

(3.25) lmF{ 1 (z,«) = 1 

(3.26) u||z|| 2 Re F^iz, 1) = uRe (z, F^z, 1)) + 2||^|| 2 wlm (z, F * 2 (l)). 
Finally, repeating the process for the terms of degree 2 in u in (|3.2U|) . we obtain 

(3.27) \mF? t2 (z,u) = 2Re(z,F z ^u)). 

Now and (l3~2oT) imply that F™ = and F 3 ™ = 0. Then (l3~231) gives F* = 0. 

From ()3.27|) . dividing both sides by u 2 and noticing that both maps z \— > F X2 (z, 1) and 
z i — > (z,Fq 2 (1)) are holomorphic, we obtain 

(3.28) F-(z,l) = 2z(z,F yi)). 

Now substituting (l3~2"Kl) into $£2M (taking into account that F$(z, i\\z\\ 2 ) = -\\z\\ 4 F^ 2 (z, 1) 
and i*o 2 (*IN| 2 ) — — IN| 4 ^o2(l))) we obtain 

(3.29) <p s (z, z) = <p' 5 (z, z) + 2||z|| 2 lm (z, F^z, 1)). 
Also, from (jQBj) and (l3~2Kl) we find 

(3.30) Re(z,Fl 1 (z,l)) = -A\\z\\ 2 \m(z,Fl 2 (l)). 
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Separating types, this means 

(F» 1 (z^),z) = 4i\\z\\'{z,Ffa(l)), 
which, together with ()3.29|) implies 

(3.31) ^5-^ 5 = -8|kl| 4 Re^,i^ 2 (l)>. 

Note that we have tr 2 (y? 5 ) = tr 2 (<// 5 ) = 0. Therefore using the uniqueness of the trace 
decomposition (see 0) we conclude that (p 5 = ip' 5 and ^02(1) = ^> anc ^ hence F™ 2 (z, 1) = 
in view of (13~2%1) 

It remains to show that Im Fq 3 (1) = and the inequalities in (J3.16|) . We now can pass 
to the weighted order 6 inequality, which yields 

(3.32) tp 6 (z,z,u) + \™F™ (z) + \mF^(z,w) + \mF™ 2 (z,w) + \mF% 3 (w) 
>2Re{z,Fl {z)) + 2Re{z,F£ A {z,w)) +2Re (z,F?, 2 (z,w)) + \\F^{z,w)\\ 2 + <p' 6 {z,z,u), 

where the terms are evaluated at (z, w) = (z, u + i\\z\\ 2 ). Using Corollary I A. 61 for the terms 
of degree in (z,z), we have u 3 \mFQ 3 (l) > which implies \mFQ 3 (l) = 0. Now we let 
u = t\\z\\ 2 for t G R and look at the weighted order 6 inequality using Lemma fA. 81 to pass 
to the terms of type (3, 3) in (z, z): 

^3,3,0(3, z) + <p 2 , 2>1 (z, z, l)t\\z\\ 2 + Im [F »(l)(t + t) 3 } \\z\\ 6 

(3.33) >2Re (z, Ff >2 (z, l)(t + if\\zf) + \\F^(z, + z)|| 2 ||^|| 4 

+^3,3,o( Z > + ^2,2,l(^ 5 > ^Ikll 2 - 

In view of Im Fq 3 = 0, (|3~33]) leads to the quadratic inequality Bt 2 + 2 At + C > for all 
t and z with A, B, C as in (|3.17|) . The latter inequality is clearly equivalent to ([3.16J) . □ 

Remark 3.4. Observe that, for any k, the property that one has the equality in (J3.6|) up to 
weighted order k does not depend on the choice of coordinates. Indeed, ()3.6|) is obtained 
by substituting the parametrization 

7: (z,u) h-> F(z, u + i\\z\\ 2 +iy2(f fJ ,(z,z,u)) 

of F(dD) into the defining function 

p(z, w) := \mw — \\z\\ 2 — f'^z, z, Re w) 

of dD'. Then the equality in ()3.6|) up to weighted order k means that p o 7 vanishes up to 
weighted order k at 0. Now we claim that for any smooth defining function p of dD' and 
any smooth parametrization j(z,u) = j(z(z,u),u(z,u)) of F(dD) with ^§(0) = 0, the 
weighted vanishing orders of /507 (in (2, u)) coincides with that of po^ (in (z,u)). Indeed, 
we have p = pa for a suitable function a and hence the weighted vanishing order of /507 is 
at least as high as that of po^. Furthermore, writing (z, u) = (Az + Bu, Cu)+0(\\z\\ 2 + u 2 ) 
with suitable matrices A, B, C, we see that also the weighted vanishing order of P07 is at 
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least as high as that of p o 7. Reversing the argument, we see that both vanishing orders 
are equal as claimed. 

We shall say that F(dD) is tangent to dD' at up to weighted order k if we have the 
equality in ()3.6j) up to weighted order k. The latter property is well-defined and does not 
depend on coordinate choices in view of Remark 13.41 

Proposition 3.5. Let D, D' C <C n be in their Chern-Moser normal forms and F e 
Jo t o(D, LY) be of the form (|3.2|) . The following conditions are equivalent: 

(1) The germ F is 2- flat (in the sense of Definition M.ty) ; 

(2) F(dD) is tangent to dD' at up to weighted order 4; 

(3) lm(^Ff )1 (^,l)) = 0. 

Proof. Suppose that F is 2-flat and choose coordinates according to Definition 11.21 such 
that F — id + 0(3). By Theorem 13 .![ F™ = and therefore we have the equality in ()3.6|) 
up to weighted order 3. Next, examining terms of weighted order 4 of types (2, 2, 0) and 
(0, 0, 2) in (z, z, u) in ()3.6|) we see that they only involve the second derivatives of F and 
y?4 — (cf- (|3.12jl ). where the latter vanishes by Lemma l3~3l since Ff 1 = 0. Hence, by 
Lemma IA.81 the whole weighted homogeneous part of (|3.6|) of order 4 must vanish. Thus 
(1) implies (2). 

Now assume (2). In particular, we have the equality in (J3.11|) which, for the terms of 
type (0,0,2) in (z,z,u) yields lmF™ 2 (l) = 0. Then the equality in ()3.12|) together with 
the trace decomposition implies (2) as in j^j. 

Finally, assuming (3), applying Lemma l3~3l and arguing as before, we obtain (2) proving 
that (2) and (3) are in fact equivalent. Now consider the parabolic automorphism of type 

(z,w) 

9r{z,w) 



1 — rw 

with r = —RqFq 2 {^)- As shown in j^j, there exists a unique transformation h such that 
h(Q) = 0, d h = id and Re ^02(1) = an( ^ D' := h(g r (D')) is in its Chern-Moser normal 
form. Then the map F — hog r oF satisfies (2) (with respect to D and D 1 ) and, moreover, 
Re -F^l) = 0. As we have seen, (2) implies (3) and therefore we can apply Lemma 13.31 
(identity (|3.15jl ) to F to conclude that F — id + 0(3). Hence (1) holds as desired. □ 

Proof of Theorem \l.J\ By definition, if there exists a 2-flat map F e J V ${D, D'), we have 
F = id + 0(3) with respect to some Chern-Moser normal coordinates for dD and dD' 
vanishing at p and p' respectively. Then by Lemma T3. 31 (Identity (|3.13J) ). the Chern-Moser 
normal forms of dD and dD' coincide up to weighted order 5 and therefore (dD,p) and 
(dD',p') are equivalent up to weighted order 5. 

Conversely, suppose (dD,p) and (dD',p') are biholomorphically equivalent up to 
weighted order 5. Then it follows from the construction of the normal form in jE] that 
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there exist Chern-Moser normal forms for 3D and 3D' that coincide up to weighted order 
5. We will construct a map F G J{D, D') with F = id + 0(3) of the form 

(3.34) F(z, w) = {z, w) + (Aiw 2 ^, X 2 w 3 + i\ 3 w 4 ) 

with Ai, A2, A3 being real numbers to be suitably chosen. We first remark that with this 
choice of F one always has the equality in ()3.6j) up to weighted order 5. We now consider 
the corresponding inequality for the terms of weighted order 6: 

(3.35) (f\{z,z,u) + A 2 lm (u + i\\z\\ 2 ) 3 > 2\ 1 \\z\\ 2 Re(u + i\\z\\ 2 ) 2 + ipl(z,z,u), 
which is equivalent to 

(3.36) u 2 ||z|| 2 (3A 2 - 2Ai) + |M| 6 (-A 2 + 2Ai) > <^(z, z, u) - tp\(z, z, u), 

where <fl(z, z, u) — (fl(z, z, u) = 0(||;z|| 6 + w 2 ||2:|| 2 ). Therefore we can choose A 1; A 2 to have 
the strict inequality in ()3.36|) whenever z 7^ 0. We still have the equality for z = 0, u 7^ 
and hence have to pass to higher order terms to obtain strict inequality for all (z, u) 7^ 0. 
After further inspection of the terms of weighted order 7 and 8 we see that each of them, 
except A3M 4 , is o(||z|| 6 + u 2 ||z|| 2 ) as (z, u) — ► due to the Chern-Moser normalization of the 
terms (p* . Hence, choosing A3 > and Ai, A 2 as above we obtain the strict inequality for 
the sum of the terms up to weighted order 8 for all sufficiently small (z, u) 7^ 0. Finally, in 
the full weighted homogeneous expansion of ([3.6)1 . we will also reach the strict inequality 
for all sufficiently small (z,u) 7^ implying F G Jp tP >(D, D'). This proves the existence 
part of Theorem 11.41 □ 



Appendix A. 

A.l. Attraction property of analytic discs. The following elementary property has 
been used in the proof of Lemma f2. II (see jlj for more elaborate refined versions). 

Lemma A.l. Let D C C n be a bounded domain and p 6 3D a boundary point. Suppose 
that D does not contain nontrivial complex- analytic varieties through p. Then, for any 
< i] < 1 and any neighborhood U of p, there exists another neighborhood V of p such 
that, if f : A — > D is a holomorphic map with /(0) G V, then f(i]A) C U. 

Proof. By contradiction, suppose that, for some fixed r\ and U, there exists a sequence 
of holomorphic maps A — > D with /fe(0) — > p such that fk(i]A) (jL U. By Montel's 
theorem, {fk} can be assumed convergent to a limit map /: A — > D, uniformly on 
compacta, in particular, on rjA. Since /(A) C D and, by the assumption, D does not 
contain nontrivial varieties through p, we must have f(z) = p. The latter fact implies 
fk(r)A) C U contradicting the choice of the sequence {fk}- The proof is complete. □ 
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A. 2. Polynomial approximations in real variables. We begin with a function f{x) 
in one (real) variable that is approximated by a polynomial p(x) up to some error term 
r(x). We have the following elementary property whose proof is left to the reader: 

Lemma A. 2. Let p(x) be a real polynomial of degree d, r(x) a real function satisfying 

r(x) = o(\x\ d ), x — ► 0, 

and suppose that p(x) + r(x) > for x > in a neighborhood of 0. Then p(x) > for 
x > in a neighborhood ofO. 

Remark A. 3. The same statement obviously holds if d > is replaced by any real number 
and p(x) by any finite linear combination of powers x l for I < d. 

We next extend Lemma [A. 21 to several (real) variables. For simplicity, we restrict our- 
selves to the two-dimensional case. Recall that the Newton polytope of a polynomial 
p(xi,x 2 ) = Phh xl i x 2 * s the convex hull of the set of all (lx, l 2 ) with p [ll2 ^ 0. The 
extended Newton polytope is the minimal convex set C containing the Newton polytope 
such that, if (h,l 2 ) £ C, then (ki,k 2 ) G C whenever k\ < li and k 2 < l 2 . We have the 
following extension of Lemma IA.2I 

Lemma A. 4. Let p(x\, x 2 ) be a real polynomial and for j = 1, . . . , s, let rj(x) be real 
functions and (dji, dj 2 ) be pairs of nonnegative integers satisfying 

rj(x)=o(\x d 1 3l x 2 32 \), x = (xi, x 2 ) — > 0, Xi,x 2 >0. 

Suppose that the convex hull of the set {(dji,dj 2 ) : 1 < j < s} does not intersect the 
interior of the extended Newton polytope of p(x) and that 

j 

for xi,x 2 > in a neighborhood of 0. Then p(x) > for x%,x 2 > in a neighborhood of 
0. 

Proof. It follows from the assumptions that there exists a pair {i>\, v 2 ) ^ of nonnegative 
integers such that, for any coefficient p^i 2 ^ of p and any j = 1, . . . , s, one has 

vih + v 2 l 2 < v 1 d jl + is 2 d j2 . 

Then, for any real numbers Ai,A2 > 0, we have p(XiX Ul , X 2 x U2 ) > for x > in a 
neighborhood of in view of Remark IA.31 Since Ai, A2 are arbitrary, we obtain the 
conclusion of the lemma. □ 

Consider now the case of variables X\ £ W 11 and X 2 e W 12 and write a polynomial 
p(X\, X 2 ) in the form 

p(X 1 ,X 2 ) = J2Phi 2 (X 1 ,X 2 ), 
hh 



BOUNDARY JETS 



17 



where pi 1 i 2 (X\,X 2 ) is bihomogeneous in (Xi,X 2 ) of bidegree (h,l 2 ). Define the extended 
bihomogeneous Newton polytope of p in N 2 the same way as above. Then, we obtain the 
following extension of Lemma IA.4I 

Lemma A. 5. Let p(Xi,X 2 ) be a real polynomial in X = (Xi,X 2 ) G R™ 1 x R™ 2 and 
for j = l,...,s, let Vj(x) be real functions and (dji, dj 2 ) pairs of nonnegative integers 
satisfying 

t s {X) = o(||X 1 ||^||X 2 ||^), X = (X X ,X 2 ) -> 0. 

Suppose that the convex hull of the set {(dji, dj 2 ) : 1 < j < s} does not intersect the 
interior of the extended Newton polytope of p(X) and that 

p(X)+J2r j (X)>0, 

j 

for X in a neighborhood of 0. Then p(X) > for X in a neighborhood of 0. 

The proof can be obtained by restricting p and Tj to the span of two arbitrary vectors 
(t>i,0) and (0,t>2) in R ni x R™ 2 and applying Lemma lA.41 In particular, we have the 
following "cancellation rule" for weighted homogeneous polynomials: 

Corollary A. 6. Let v x ,v 2 > be weights assigned to X X ,X 2 and let p(Xi,X 2 ) 
be a weighted homogeneous polynomial of degree d in (Xx,X 2 ) G R" 1 x R" -2 , i.e. 
P(t Ul Xi, t V2 X 2 ) = t d P(Xi,X 2 ) and r be a real function satisfying 

r(X h X 2 ) = o((||X 1 || 1 ^ + ||X 2 || 1 ^) d ), (X 1 ,X 2 ) - 

such that p(X) + r(X) > for X = (Xi,X 2 ) in a neighborhood of 0. Then p(X) > 0. 
Furthermore, ifpo(Xi,X 2 ) is the nontrivial bihomogeneous component of p of minimal 
degree in X\ (or in X 2 ), then also p (X 1 ,X 2 ) > 0. 

A. 3. Homogeneous polynomials in complex variables. By separating homogeneous 
terms and applying the above statements, one can reduce general polynomial inequalities 
to inequalities for homogeneous terms. We next state some elementary results that can 
be useful to separate complex monomials of the form z k z l . 

Let p(z, z) be a homogeneous real-valued polynomial of degree d with 

(A.l) p(z, z) = Y,PkZ k z d ~ k > 

k 

for z G C in a neighborhood of 0. 

Remark A. 7. Observe that, if d is odd, then (jA.l|) is only possible if p = 0. If d is even, 
the situation is more complicated. Set d = 2s. By integrating (jA.ljl for z = z^e 19 with 
< 6 < 2tt, we immediately obtain that p s > 0. 

In case p s > one has, in general, no conclusion about the other coefficients in (jA.l|) . 
However, if p s = 0, all other coefficients must vanish: 
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Lemma A. 8. Let p(z, z) be a homogeneous real-valued polynomial of degree 2s satisfying 
(jA.l|) for z G C in a neighborhood of 0. Suppose that p s = 0. Then p(z, z) = 0. 

Proof. We assume p ^ and prove the statement by induction on the maximal number 
k with pk ^ 0. By the assumption and the reality of p, we have s < k < 2s. Otherwise 
we have s < k < 2s and let e be any primitive 4(fc — s)th root of unity. Then, if we 
multiply z in ()A.1|) by e, we obtain a new inequality where the term with z k z 2s ~ k changes 
sign whereas all other terms receive factors different from —1. Hence, by adding the new 
inequality and the old one, we eliminate the term with z k z 2s ~ k and keep all other nonzero 
terms with with possibly changed but still nonzero coefficients. By the induction, the 
new polynomial must be zero. This is only possible if z k z 2s ~ k and its conjugate are the 
only nonzero terms of p(z,z). Since k ^ s, we obtain a contradiction with (|A.1|) . Hence 
p(z,z) = 0. □ 
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